



















Large scale effective theory for cosmological bounces
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An exactly solvable bounce model in loop quantum cosmology is identified which serves as a
perturbative basis for realistic bounce scenarios. Its bouncing solutions are derived analytically,
demonstrating why recent numerical simulations robustly led to smooth bounces under the as-
sumption of semiclassicality. Several effects, easily included in a perturbative analysis, can however
change this smoothness. The effective theory is not only applicable to such situations where numeri-
cal techniques become highly involved but also allows one to discuss conceptual issues. For instance,
consequences of the notoriously difficult physical inner product can be implemented at the effective
level. This indicates that even physical predictions from full quantum gravity can be obtained from
perturbative effective equations.
PACS numbers: 98.80.Qc,04.60.Pp,98.80.Bp
Our universe, extrapolated backwards in time, gets
denser and denser, and eventually reaches such extremes
that classical general relativity breaks down. This theo-
retical limitation is to be solved by a quantum theory of
gravity. Since fundamental quantum gravity implies dra-
matic changes to our understanding of space and time, it
can at best provide a non-intuitive, deeply quantum de-
scription of the situation where even concepts of time
break down. More intuitive pictures can be obtained
semiclassically, where the only non-singular way a uni-
verse can behave is as a bounce at small volume back
to larger scales. Often, models with special, mostly ho-
mogeneous, bouncing solutions in detailed descriptions
are available, but their genericity or stability under per-
turbations remains uncertain. Special properties are re-
quired for such explicit descriptions which make bounces
difficult to generalize in particular to inhomogeneities.
In general, one can then only fall back to a fully quan-
tum formulation. Nevertheless, under controlled pertur-
bations bounce scenarios can survive and present cru-
cial insights for cosmological scenarios. A self-consistent
analysis of solutions and potential effects of perturbations
is made possible by the effective description provided be-
low in the framework of loop quantum gravity.
The effective techniques we use are a generalization
of the common low energy effective actions which are
reproduced for perturbations around the harmonic os-
cillator [1, 2]. Technically, they are based on a phase
space formulation of quantum mechanics [3, 4, 5]. Their
greater generality allows an application even in cases
such as quantum cosmology where the harmonic oscil-
lator is not suitable as zeroth order approximation. The
Hamiltonian follows from the classical Friedmann equa-
tion, ignoring numerical factors and using proper time
τ , (a−1da/dτ)2 = ρ for the scale factor a measuring the
spatial size of the universe, in dependence on matter en-
ergy density ρ. For a scalar field φ with potential V (φ)
we have ρ = 1
2
(dφ/dτ)2 + V (φ). In a canonical quan-
tization we introduce variables c = da/dτ conjugate to
the metric variable |p| = a2 and pφ = a3dφ/dτ conju-
gate to φ. The variable p can take both signs unlike the
scale factor a because it also contains information on the
orientation of space. Phase space coordinates (c, p, φ, pφ)





|p|−3/2p2φ + |p|3/2V (φ) .
Often, one uses a free scalar with V (φ) = 0 which sim-
plifies the equation considerably. In fact, as one of our
main results we find that such a system is solvable ex-
actly also in a loop quantization, and thus serves as a
basis of perturbation theory. With
pφ/
√
2 = ±c|p| =: ±H
a constant of motion, we can view φ =:
√
2t as inter-
nal time variable in which the dynamics of the system
unfolds given by the Hamiltonian H . A direct canoni-
cal quantization thus leads to the Schro¨dinger equation
∂ψ/∂t = |p|∂ψ/∂p for a wave function ψ(p, t), disregard-
ing ordering issues for now.
While the classical system and the Schro¨dinger quan-
tization are singular, loop quantum gravity implies mod-
ifications to the dynamics [6, 7] which lead to bounces
provided that one starts (and, in this model, then re-
mains) in the semiclassical regime [8]. This has been
studied in detail recently [9], where the semiclassicality
condition implied large values of the constant of motion
pφ. A loop quantization leads to a modified Hamiltonian
of the form f(p) sin c, with a function
f(p) ∼
{ |p|(1 +O(ℓ2P/p)) for |p| ≫ ℓ2P
|p|−n for |p| ≪ ℓ2P
with the Planck length ℓP and a positive n. In such
an isotropic context, f is bounded from below by a
positive number [10] in contrast to the classical func-
tion |p|. When quantized, the appearance of eic in
sin c = 1
2i(e
ic − e−ic) becomes a finite shift operator in
p and the Hamiltonian is a difference operator. It also
2shows how bounces can occur because sin c is bounded
from above such that |p| cannot become arbitrarily small
when it solves the equation H = f(p) sin c for large H .
Numerical solutions to the loop quantum difference equa-
tion are in fact surprisingly well described by the effective
Hamiltonian f(p) sin c such that a semiclassical peak fol-
lows the effective trajectory very precisely with negligible
spread and deformations of the wave packet in time φ.
Our general effective theory will explain this success and
prove the genericity of semiclassical bounces beyond what
is possible in a numerical analysis. But it also highlights
crucial assumptions and parameter choices necessary for
bounces. Unlike previous investigations, the effective the-
ory is well suited to a perturbation analysis which can be
done even if crucial assumptions of other explicit bounce
models are relaxed. It thus provides the technology for
developing realistic bounce scenarios.
For an effective theory [1], wave functions are param-
eterized by infinitely many variables c = 〈cˆ〉, p = 〈pˆ〉,
Ga,n := 〈(cˆ− 〈cˆ〉)n−a(pˆ− 〈pˆ〉)a〉Weyl (1)
for integer n ≥ 3 and a = 0, . . . , n (using Weyl order-
ing). Thus, not only the peak values of wave packets are
considered but also the precise shape. For a systematic
treatment of their dynamics one can use the fact that
the variables span a phase space whose Poisson brack-
ets follow from the quantum mechanical Hilbert space
structure, e.g. {c, p} = 1, {c,Ga,n} = 0 = {p,Ga,n} and
{G0,2, G1,2} = 2G0,2
{G0,2, G2,2} = 4G1,2 (2)
{G1,2, G2,2} = 2G2,2 .
These variables are subject to the uncertainty relation




(written here in a more general form used later). More-
over, dynamics is dictated by the quantum Hamiltonian
HQ = 〈Hˆ〉 through Hamiltonian equations of motion.
In general, HQ differs from the classical Hamiltonian H
through coupling terms between classical and quantum
variables because, e.g., 〈pˆ3〉 = p3 + 6pG2,2 + 6G3,3. This
describes how a wave packet spreads and deforms, back-
reacting on the peak motion of classical variables. Only a
quadratic Hamiltonian does not give rise to such coupling
terms and the dynamical equations are then much easier
to solve. This is realized for the harmonic oscillator with
its well-known properties of coherent states.
But also the Hamiltonian for a free scalar is quadratic
in the variables used here, H = c|p|. This leads to
a quantum Hamiltonian HQ = c|p| + sgn(p)G1,2 and
equations of motion c˙ = c sgn(p) + δ(p)G1,2, p˙ = |p|,
G˙0,2 = 2 sgn(p)G0,2, G˙1,2 = 0 and G˙2,2 = −2 sgn(p)G2,2
as well as equations for G˙a,n for n ≥ 3. The equations
thus break down, as expected, at the classical singular-
ity p = 0. Away from p = 0, they are easily solved by
c(t) = c1e
t, p(t) = c2e
−t, G0,2(t) = c3e
−2t, G1,2(t) = c4
and G2,2(t) = c5e
2t. Due to (3) we have c3c5 ≥ ~2/4+c24.
This shows that solutions are wave packets following




When we use the loop Hamiltonian H = f(p) sin c,
however, it is not quadratic in the variables (c, p) which
can complicate the analysis. But, first using f(p) ∼ p for
positive p≫ ℓ2P, it can be reformulated in variables p and
J := peic in such a way that it becomes linear. We then
have H = − 1
2
i(J − J¯) and {p, J} = −iJ , {p, J¯} = iJ¯ ,
{J, J¯} = 2ip. Thus, the Hamiltonian with the new basic
variables forms a linear algebra isomorphic to sl(2,R).
If such a system remains linear after quantization, it
allows a decoupling of the infinitely many quantum vari-
ables to finitely many coupled linear equations which
makes explicit solutions possible. In fact, there is such
an ordering of the Hamiltonian: Hˆ = − 1
2
i(Jˆ − Jˆ†) with
basic commutation relations [pˆ, Jˆ ] = ~Jˆ, [pˆ, Jˆ†] = −~Jˆ†
and [Jˆ , Jˆ†] = −2~pˆ − ~2. (These relations follow if the
ordering Jˆ = pˆêxp(ic) is understood.) The classical al-
gebra is simply modified by a (trivial) central extension
of charge ~ but remains linear. The Hamiltonian in this
ordering thus defines a solvable model which serves as the
basis for perturbation theory around bouncing solutions.
Moreover, in view of the classical relation JJ¯ = p2 we
impose Jˆ Jˆ† = pˆ2 (but note Jˆ†Jˆ 6= pˆ2 in our ordering).
This is a reality condition for c in J = peic and will play
a major role as a selection mechanism for solutions anal-
ogous to implementing the normalizability in a physical
inner product.
The quantum Hamiltonian is simply HQ = − 12 i(J −
J¯) which, being linear, equals the classical Hamiltonian.
Quantum effects are thus contained only in the central
extension of the basic algebra. We have equations of
motion p˙ = − 1
2
(J + J¯) and J˙ = −p − 1
2
~ = ˙¯J while











−t − c2et) + iH (5)
exhibits bouncing solutions (for c1c2 > 0) and non-
bouncing ones (c1c2 < 0). However, we did not yet im-
plement the reality condition Jˆ Jˆ† = pˆ2 which will further
restrict the values of c1 and c2. This condition does not
exactly take the form of the classical relation because
〈Jˆ〉〈Jˆ†〉 6= 〈Jˆ Jˆ†〉. But we must have JJ¯ = p2 + O(~)
which is restrictive enough: The only way to achieve this





−t − c2et)2 + 4H2
(c1e−t + c2et)2
= 1
which implies c1c2 = H
2. Thus indeed, only bouncing
solutions
p(t) = H cosh(t−δ)− 1
2
~ , J(t) = −H(sinh(t−δ)+i) (6)
3with eδ := c1/H remain. Reality conditions of the effec-
tive theory thus implement what would be a consequence
of the physical inner product of wave functions.
Similarly, we can explicitly determine the spread pa-
rameters. We define the second order quantum vari-
ables G0,2 = 〈pˆ2〉 − p2, G1,2 = 1
2
(〈pˆJˆ〉 + 〈Jˆ pˆ〉) − pJ and
G2,2 = 〈Jˆ2〉−J2. The operator Jˆ†, although it appears in
the Hamiltonian, need not be included in quantum vari-
ables since we can use the commutation relations and
the reality condition to express any expectation value
containing Jˆ† through quantum variables of the same or
lower order not containing Jˆ†. In contrast to canonical
variables (cˆ, pˆ), the commutator [pˆ, Jˆ ] is not constant and
thus quantum variables do not commute with classical
variables. We have, rather, the relations
{G0,2, J} = −2iG1,2 , {G0,2, J¯} = 2iG¯1,2 ,
{G1,2, J} = −iG2,2 ,
{G1,2, J¯} = 3iG0,2 + ip2 + i~p− iJJ¯ + i~2/2 ,
{G2,2, J} = 0 , {G2,2, J¯} = 4iG1,2 .
This is all we need to compute their equations of motion


















−2t − c5e2t) .
This is the same qualitative dependence of spread on t
as in the Schro¨dinger quantization, although now also
squeezing with evolving G1,2 is involved. The constants
ci are restricted again by the uncertainty relation which
now takes the form




For t → ±∞, this is easy to evaluate and satisfied only
if c3, c4 and c5 are positive. Moreover, assuming H ≫ ~
and near saturation before as well as after the bounce one
has c4e
−2δ ≈ ~H ≈ c5e2δ. With this,
(∆p(t))2 = G0,2(t) ≈ ~H cosh(2(t− δ)) (7)
and not only the peak trajectory but also the spread of
the wave packet is symmetric around t = δ. But only
under the two stated conditions does the solution auto-
matically become as coherent after the bounce as it was
before (Fig. 1).
Our solutions in the given ordering are exact quantum
solutions and show clearly why the effective formulation
works so well in numerical simulations of a related free
scalar model [9]. But the smoothness and symmetry of
the bounce requires additional assumptions which brings
us to the robustness of this bounce picture. While H ≫ ~





FIG. 1: Peak trajectory with surrounding area spread out by
∆p around a bounce for H = 10~. Dashed lines show the
general behavior not assuming uniform spread. This figure is
to be compared with the numerical solution in Fig. 2 of [8].
homogeneous universe with large matter content, several
effects in inhomogeneous models remove this condition.
First, H is then a spatial function and its local values
relevant for loop variables can be small even with a large
matter content. Secondly, with many more degrees of
freedom, inhomogeneous situations allow the emergence
of a semiclassical state at large volume, e.g. through de-
coherence, even though the state around the bounce can
be highly non-semiclassical. One thus has to study the
robustness of the isotropic bounce picture when H be-
comes smaller.
If H is not large, several additional effects arise al-
ready in homogeneous models. For smaller H the bounce
scale will be smaller and quantum corrections to the p-
dependence of the constraint through the function f(p)
will appear. Since these corrections are higher powers in
p, coupling terms between classical and quantum vari-
ables arise and lead to a more complicated behavior with
spread and deformations back-reacting on the trajectory
of classical variables. At some point, due to the bound-
edness of f(p), no bounce occurs at all when H is small
enough. Moreover, the behavior becomes more sensitive
to the ordering of the constraint. Ordering all pˆ to the
right, for instance, leads to an additional contribution
~pˆ−1Jˆ to the constraint. This is of the order ~ and
would not change the above analysis much when H is
large, but it does become relevant for smaller H . It im-
plies coupling terms −~G1,2/p2 + · · · between classical
and quantum variables. These effects all arise if one just
deals with smaller H . In addition, there are more correc-
tions if model specifics are changed. Adding a cosmologi-
cal constant or positive curvature adds coupling terms to
the Hamiltonian, but near the bounce they are not dom-
inant. A potential for the scalar field, however, is more
4crucial because it leads to a time-dependent Hamiltonian.
In particular the latter change can have strong implica-
tions depending on the form of the potential (see, e.g., the
last example in [11]). This is very difficult to analyze nu-
merically, and effective differential equations can also be-
come complicated to solve exactly. But all these changes
are straightforwardly implemented in a general pertur-
bation scheme around the solvable free scalar model in
the ordering introduced here. This model thus plays the
role of the harmonic oscillator, or a free field theory, as
the zeroth order of an effective formulation. Its behav-
ior is exact when only large semiclassical scales are in-
volved and interactions are negligible, but receives cor-
rections when smaller scales are reached or interactions
introduced. This effective formulation thus provides the
basis for the development of detailed bounce scenarios
which give realistic pictures of the transition.
The most important ingredient to introduce is inho-
mogeneities and their evolution which is necessary both
for a stability analysis and for cosmological predictions.
Inhomogeneities are the main reason why the model has
to be considered for smaller values of H , and additional
coupling terms between the variables arise. The result-
ing picture, accessible perturbatively, is expected to be
quite different from the smooth bouncing solutions ob-
tained for large H . This is not surprising because inho-
mogeneous situations provide many degrees of freedom
over which excitations can be distributed which happens
particularly close to a classical singularity. The generic
behavior is then dramatically different from an isotropic
bounce, an observation which has also been made in the
context of string theory [12]. Instead of by bouncing
semiclassical solutions, general singularity resolution can
only be achieved by mechanisms taking into account deep
quantum behavior which do not necessarily provide intu-
itive pictures [13, 14, 15, 16].
The effective formulation provides means to approach
this regime and to determine when a semiclassical de-
scription breaks down. One can, for instance, start with
large H and then decrease its value to see corresponding
changes in the wave function. Although different in its
nature, this parameter thus plays a role similar to others
which have already been used in loop quantum cosmol-
ogy [17, 18]. While the parameter should not be large
for realistic inhomogeneous bounces, it provides a tech-
nical tool to seperate some quantum effects from others.
In perturbation theory one can then deal with quantum
corrections arising for smaller values, as well as with sev-
eral coupling terms which may be present.
Effective theory thus provides powerful tools where di-
rect numerical simulations become more involved. One
can obtain directly quantities of interest such as expecta-
tion values and fluctuations without taking the “detour”
of wave functions. What is particularly interesting for
full quantum gravity is the fact that even conceptual is-
sues can be addressed. The problem of time does not
arise because one is perturbing around a model explic-
itly parameterized by the time φ. Similarly, observables
can be evaluated perturbatively. Even the notoriously
difficult issue of the physical inner product, i.e. the issue
of how to select normalizable wave functions, can be ad-
dressed at the effective level as already seen: we used the
reality condition JJ¯ = p2 +O(~) to select the physically
viable effective solution which turned out to be bounc-
ing. This corresponds to the correct normalizable wave
function [9], while the other solution would have been
exponentially increasing in a classically forbidden region.
This solution is dismissed by purely effective arguments,
an observation which is encouraging for effective develop-
ments in full quantum gravity. In particular, this argu-
ment applied to general dynamical expressions provides
the strongest indication so far that repulsive effects which
have been observed throughout loop cosmological mod-
els [19] are active even in a full setting. As we have also
seen here, however, they are not strong enough to lead to
general bounces at smaller scales. Through effective the-
ory, all issues relevant for physical predictions can thus
be addressed.
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